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A theory based on a separate account of short-range repulsion and long-range
attraction between particles is applied to the description of the liquid—gas
critical point in the classical fluid case. The collective variables method with a
reference system (RS) is used. Detailed investigation of the properties of RS
cumulants makes it possible to transform the grand partition function into a
functional form defined on the effective block lattice. The functional corresponds
to the partition function of the Ising model in an external field. Then the collec-
tive variables method is used to calculate the Ising-model partition function in
the vicinity of the phase transition point, which was developed in our previous
papers. As a result one can separate reference system and long-range subsystem
variables, which makes possible the quantitative solution of the liquid-gas
critical point problem. The equation for the parameters of the critical point is
obtained, as are explicit expressions for the equation of state both above and
below T.; the chemical potential of the system is investigated.

KEY WORDS: Expanded phase space; reference system; partition function;
liquid-gas critical point; cumulants; Ising model in external field; chemical
potential isotherm.

1. INTRODUCTION

During recent decades the problem of the liquid—gas critical point has been
a field of intensive investigation, but is still far from complete solution.
Different approaches treating interparticle attraction as a perturbation
with respect to short-range repulsion''® have helped to understand the
connections between the structure of the system and the character of the
interaction and to reproduce approximately the experimental data. The
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renormalization group method and its combination with computer simula-
tion has provided the possibility for calculation of the critical exponents and
allowed the approach to a quantitative description of the thermodynamic
properties.

Nevertheless, the derivation of an ab initio theory of the critical point, in
which the order parameter is introduced in a natural way, and the Ginsburg-
Landau-Wilson (GLW) functional explicitly related to the microscopic
properties is obtained, remains an unresolved problem.

Important ideas concerning the problem were offered in refs. 15-17. In
particular, in ref. 15 a GLW-type Hamiltonian was formally introduced, its
connections with a reference system were pointed out, and a scheme for the
calculation of the partition function was described. However, the authors
were not engaged in a derivation of explicit expressions for coefficients of
the Hamiltonian, and hence the calculation of the partition function and of
the free energy was not their aim.

The calculation in the renormalization group approach and the
structure of the GLW Hamiltonian were considered in detail in ref. 16.
However, the treatment is rather formal concerning calculations of the
initial values of the GLW Hamiltonian coefficients and their relations with
microscopic properties of the system.

An original approach was developed by Parola et al. (see ref 17 and
their following papers on the same subject) which in principle leads to the
derivation of a quantitative theory of a fluid in the vicinity of the critical
point. The difficulties of this approach consist in the apparent convergence
near the criticial point of the perturbation series by means of which the dif-
ferential generator of the reference system hierarchy has been constructed,
and in cumbersome calculations as well.

Our method is based on taking account of the long-range attraction
effects using the collective variables method, while the short-range repul-
sion is included in the reference system. The long-range attraction is related
to direct and indirect interactions and results in collective effects, in par-
ticular in phase transitions and critical behavior. The short-range repulsion
describes the inpenetrability of particles, removes a formal divergence at
short distances, and modulates the distribution and dispersion of the fluc-
tuation processes. Both types of interaction are considered in the expanded
phase space consisting of a subspace of Cartesian coordinates, in which the
short-range repulsion is described, and of a subspace of collective variables
P\, in which the effects of the long-range attraction are taken into account.

A transition operator which has the form of an analytic functional
removes the phase space overflow.

In our approach, all properties of the structural functions of the
system used as the reference system (RS) are supposed to be known. In this
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paper we use the hard-sphere system, but in principle it is possible to use
another system with known structural and thermodynamic functions; we
shall consider this case elsewhere. In the present paper we demonstrate how
knowledge of the general properties of the RS facilitates the actual solution
of the critical point problem.

The structure functions of the RS (cumulants) were calculated in our
previous papers.?’*® The expression for the grand partition function was
obtained in the form of a functional integral in which the coefficients are
cumulants depending on wave vector./!¥)

Application of the mathematical techniques of the collective variables
connected with the fluctuation modes of the number density 5, ~
> exp(ikr;), where r; are the coordinates of a particle, allows one to reduce
in the problem of taking into account a long attraction “tail” at long
distances to the calculation of its influence in a certain finite interval of the
wave vectors |k| [0, B].

Let us outline the main results of the paper:

(a) The dependence of RS cumulants on wave vector in a certain
interval |k|€[0, B], typical for the Fourier transform of the attractive
forces, is proved to be rather weak.

(b) Taking into account the basic properties of pairwise attraction
potentials allows one to transform the configuration integral into a func-
tional defined on a certain effective block lattice. In such a representation
the grand partition function corresponds to that of the Ising model in an
external field, for which the method of calculation developed in refs. 7-16
is used here.

(c) A method of calculation of the partition function at T< T, and
T>T, by integration over the collective-variable (CV) phase space is
proposed. The grand partition function is reduced to a single integral over
the collective variable p,, which is connected with the order parameter.

(d) It is shown how a definition of the critical point emerges in this
approach, and its coordinates are calculated. In particular, for the critical
fraction density we find 5, =0.130443.

(e) An analysis of an explicit expression for a single integral over p,
is carried out. The nonanalytic dependence of the Hamiltonian coefficients
E(p,) on temperature is shown, and possibilities for one- or two-phase
states below the critical point T, are examined.

(f) An explicit expression for the chemical potential isotherm is
obtained, and a density jump is calculated. The boundaries of the transition
region, density jump region, and thermodynamic instability region are
determined.
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Table I. Values of Critical indexes and Critical
Amplitude Ratios for Heat Capacity {A*) and
Magnetic Susceptibility (I *) for 3D Ising Model

CV method p® model'? Refs. 11-13
v 0.637 0.630; 0.638
.4 0.088 0.110; 0.125
B 0319 0.325; 0312
y 1.275 1.241; 1.250
- 0.018° 0.031
Ar/A~ 0.675 0.550; 0.48; 0.51
r+yr- 9.253 438; 5.07
“ p* model.

It is clear that universal characteristics such as the critical exponents
have in this case values in common with the class of Ising-like systems
because both the liquid—gas critical point and the Ising model belong to the
same universality class. Detailed calculations of the critical exponents using
the CV method were performed in refs. 7-10; therefore here we restrict
ourselves to the presentation of some exponents from these papers (see
Table I).

In the present paper we deliberately avoid extensive consideration of
results connected with the Ising problem. Instead, we call the reader’s
attention to refs. 7 and 8, where this problem was carefully investigated. The
main points of the present paper are the demonstration of the possibility to
describe quantitatively the liquid—gas critical point, the development of a
method for calculating the grand partition function in the vicinity of the
critical point, and the calculation of an explicit expression for the equation
of state and chemical potential. With these results, [see (25), (26), and (29)
at 7> T, and (46) and (61) at T< T,], one can find other thermodynamic
characteristics, for example, the heat capacity or entropy.

2. FUNCTIONAL REPRESENTATION OF THE GRAND
PARTITION FUNCTION IN THE VICINITY
OF THE CRITICAL POINT

Consider a system of N pairwise interacting particles in volume ¥ at
temperature 7. According to the concept of the reference system, we
express the full pairwise potential of two particles located at points r; and
r;, Uy= U(|r,.—rj|), as a sum

Uj=v,+9, (1)
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The main problem of the paper, namely the calculation of the grand
partition function in the vicinity of the liquid-gas critical point, will be
solved in the expanded phase space composed of the subspace of Cartesian
coordinates of the particles r,,.., ry and the collective-variables subspace.
The behavior of the particles, conditioned by short-range repulsion, is
described in the coordinate space, and that caused by attraction effects is
described in the CV subspace.

The grand partition function

2= 3 Llew{-p Tt} @)

i<j=1

where z = exp( —fu) (2nmk 5 T)*? is the activity, ¢ denotes the chemical
potential, f=(kzT)~"' is the inverse temperature, k, is Boltzmann’s
constant, and m is the mass of the particle, can be represented in the
form"'¥

1N
V

1. o
F=5, [ exp {N”Zﬁpo [ﬂ +3 ¢(0)} —385% @(k)pkp_k} J(p) (dp)
k

(3)
where fi =u —uq; and
o ZN N
J(P)=Eo_l z Fo'jexp {_ﬁ Z ‘l/(lri_rjl)}‘](pr) (de)™
N=01"V" i<j=1

is the Jacobian of the transition from Cartesian coordinates to the collective
variables p. Here

Hpr)=b(po—po) T1 8px—pu)  Au=N""[(r) e~ dr

k#0

The collective variable p, = pi — pi. is related to the real and imaginary
parts of the Fourier transform of the particle density g, = 4% — f; by

N
py=N""23 cos(kr) = pi J(pr) (dp)

i=1

N
P=N""2Y sin(k'r) = pi. Jpr) (dp)

i=1

(dp) =dpo ] dpi dp3,

k#0
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In the above,

)

o= 3 [exn{-p ¥ wln-nhfn®

N=0 i<j=1

is the RS grand partition function, which we suppose is known;
A(ry=Y"  8(r—r;) is the density of particles at the pointr; &(k)=
[ @(r) e~ dr is the Fourier transform of the potential &(r); y, is the
chemical potential of the reference system; and g is the total chemical
potential.

Inserting the integral representation for J-functions in the Jacobian
and performing the integration over Cartesian coordinates in the expres-
sion for the Jacobian, we obtain for the grand partition function

1 . , 2
E=15, J exp {hN”zpo—z Y (k) ppp _y+i2n) W p,—i2nN'? ml,wo}
k

k

2 2
X eXp {—( Zn') Y. M,y(k) wka)_k}
"k

(—i2m)™

—(m=2)/2
xexp{"é3 - N
> wtm(k.,...,km)w.n---wkm}(dw)(dp) (4)
ki, km

where h = [+ 58(0)]1; a(k) = B(N/V) &(k); w, is the Fourier-conjugate
variable to the collective variable p,; M, (k,,... k,,) =Py, Py, ) 1S the
mth-order RS cumulant, which can be expressed in terms of the RS
correlation functions;®® and ¢ --- >, means cumulant average by the RS.

It is well known that the main features of the behavior of the system
at the critical point are connected with the long-range fluctuations of the
density.

We classify the density fluctuation modes into short-range and long-
range modes based on the properties of @(k)—the Fourier transform of the
potential &(r),

&(r) =%/Z B(k) e k"
k

The potential &(k) is negative at 0 < |k| < B, #(B) =0, and at k > B it may
be positive or oscillating and vanishes at [k| — oo (see Fig. 1). In this paper
we use as an attractive potential &(r) the negative branch of the Morse
potential [see (15)]. As one can see from Fig. 1, the value of |&(k)| at
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Fig. 1. Plots of (a) second cumulants M,(k) and (b) the Fourier transform &(k) of the

attractive part of the interaction potential. The point B separates long- and short-wave

fluctuations of the density. Curves 1-4 correspond to values #=0.05, 0.1, 0.15, and 0.2,
respectively.

k> B is small. This allows us to describe the short-wave fluctuations,
corresponding to w, and p, for |k|> B, with a Gaussian basic density
measure. The variables w, and p, for |k| < B are connected with long-wave
fluctuations. The Gaussian approximation cannot be used here because it
leads to a divergence in the vicinity of the critical point. This is the main
difficulty in the calculation of the integral (4).

After integration over the short-wave modes of the density fluctuation
w, and p,, |k| > B, we find the following expression for the grand partition
function:

[85]

— -
_ - =
= Zg=

0Z6EL (5)

G

Here =, is a funcional of the long-wave fluctuations and will be described
below. 5, is the part of the grand partition function connected with
the short-wave density fluctuations distributed according to the Gaussian
law.

The expression for £ and a way of calculating it are given in Appendix A.
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Integration over w, and p,, k| > B, leads to renormalization of the
cumulants, the new values of which are denoted below as M, (k,,..., k,); for
example,

ﬁlz(k)zimz(k)-f-L Y Mk, =k, ky, —k oo _ >+ (6)
4N k). |ki]> B I '

Expressions (A4) and (6) describe the contribution of the short-wave
density fluctuations. We have evaluated its value in the case of argon,
taking for the interaction between particles the Morse potential (see
below). For the “long-range” attraction its negative branch was employed.

In particular, at the critical point at k=0 we obtain from expression
{6) in zeroth approximation

,(0) ~ M,(0)(1 —0.271 x 10 ~°) (6')

In this way, the influence of short-wave fluctuations is negligible here.
This is conditioned by the behavior of a(k) at k> B and by the small value
of M,(0, 0, k, —k)=0.1.

Taking into account the estimate (6'), in the zeroth approximation we
may neglect the renormalization of cumulants 9t, in the region {k,|<B
due to integration over the variables p, and w,, |k| > B, setting 0, ~IM,,.

The investigation of the cumulants is the most important part of the
preliminary discussion of the initial form of the partition function. In
Fig. 1a, the curves for M,(k) are plotted for values of the fraction density
n=(n/6)(N/V) a*. The RS structure factor MM (k) was calculated in ref. 25.
An essential property of M,(k) is the way in which it depends on k at
small k, namely, the presence of an almost horizontal “shoulder” of the
curve M,(k) (see Fig. 1). The length of the shoulder depends on #. As one
can see from Fig. 1, the region 0 < |k| < B of negative values of &(k) almost
coincides with the “shoulder” region. Using Schofield’s equation for the
correlation functions,®® expressions for the cumulants M,(k, —k, 0) and
M,(k, —k, 0, 0) with a reduced dependence on wave vector were obtained
in ref. 27 (see also Appendix B).

Plots of M4k, —k, 0) and M (k, —k,0,0) are given in Fig. 2. One
can see that a weak dependence on k at small k£ is common to all the
cumulants we have considered here. This allows us to replace the functions
M, (k,,, k,) at |k,;| < B by a constant value IM,(0,..., 0).

Values of M,(0) through M(0) are listed in Table IL

The main part of the partition function in view of the present con-
sideration is =, , for which we found in refs. 14 and 26 the expression

Eo=[ (L4 Dyt ) Wilp; @) (de)™ (dp)™® M
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Fig. 2. Dependence of cumulants M4k, —k,0) and M,(k, —k,0,0) onk. Curves 14

correspond to values 7= 0.05, 0.1, 0.15, and 0.2, respectively.

Here

D= Y

W,(p; w) is a basic measure density in the vicinity of the critical point.

m>4

Table Il.

(—2in)™
m!

Nl—m/2 Z ﬁzm(o)wkl'”wkm

Dependence on the Fraction Density of
Cumulants M ,(k,,..., k,) at Zero Values
of Arguments k;

n Dy(0) M4(0) D4(0) M5(0)

0.05 0.673 0.275 781x10°2  —0.18x10°5
0.10 0.456 461x10°2 —~866x10~2 2.04 x 102
0.15 0309 —159x10"2 —283x1072 2.74%x 102
020 0208 —249x10~%2 —396x10"2 9.64x 1073
025 0141 —198x10"% —216x1073 1.81x10~3

(8)
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It was shown in ref. 19 that

1 .
W4(p;a>)=exp{hN”2po—5 Y awk)pep_kti2n Y, woup,

k k< B k k|<B
4 _12 n
+ z .(_ll)_Nl—n/z Z Em,.(o)6k1+...+k,,wk|"'wk,,}
n=1 n ki, ky
kil < B (9)

We keep in the exponent of the function W,(p; w) only terms up to the
fourth power in the variable w,. Following the above arguments, we have
neglected in (8) and (9) the dependence of M, (k,,.., k,) on k,, as well as
the renormalization of 9, due to integration over dp,, dw,, |k| > B, and
replaced M, (k,,..., k,) for k,< B by M, (0).

It is essential that all odd cumulants ,, M, M,,... in (7) possess the
factor i. The convergence of the integrals in (7) is ensured by the term
containing I,.

Then the shift

o o iN 290,(0)
[ (| T —
279 4(0) (10)
Po=po+M,
where
- M,(0) M4(0)  MI(0)
Mm =N'/2<1+ 2 2
' |9M,(0)]  3MM3(0)

transforms W, into a form containing terms $t,, M,, and M, only. Such
an expression for W, corresponds to the Ising model in an external field.
In fact, at this point, the critical point problem is basically solved. The CV
method was earlier applied to the Ising problem.!”® Having introduced the
collective variables related to the Fourier transforms of the spin density,
one obtains after summation over all spin configurations an expression for
the partition function which has just the same structure as (4), but instead
of the cumulants 9M,, M,, M, one has 0, 1, —2. The value 4 in (9)
corresponds to an external field in the case of the Ising model. Integration
over w, in (7) transforms it [see (13)] to a known form, which was
investigated, for example, in ref. 29. Notice that application of functional
methods to the Ising problem leads to a density measure in the expression
for the free energy similar to (9).
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After integration over p,, w,, |k| > B, the expression for =, contains
only sums over k with |k| < B. We can consider a set of k vectors, |k| < B,
as corresponding to sites of a reciprocal lattice conjugated to a certain
block lattice {r,} with N block sites in a periodicity volume V:

B 3
Ng= (6—7;—’2); (11)

One may consider the quantity B as the size of the first Brillouin zone of

this block lattice.
Setting for the Kronecker symbol

we obtain for W,
alk) ppp_+i2n )Y, wp,

k. |kl<B k |kl < B

1
Wi(p; w)=exp {#*Po—i >

~ 27)?
—i27t9321w0—( ;) M,0) Y o,
K kl<B

(12)

@)
3w 10 kl,;k‘s Wy, OOy s m}

kil< B

with
_ M2(0 _ N
9322(0>=wt2<0)—2m-—f@)”; (0) =22 2,(0)

Therefore, we have reduced the problem of calculating the partition

function of the fluid to that of the Ising-like system.
Integrating W, over all w,, we finally obtain the following form for

the grand partition function:

— 1
E=5,E9Z(,, ‘.D?,;)jexp {/‘*Po_z Y dolk) pp i
k kI <B

% > pk|"'pk45k|+...+k4} (dp)™® (13)
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Here
o ,(0) _
¥ _ N2 5o — N2 3 .
W NG =N o) B
a, = (1) [M(0)] =2 K(0)
_ 3920
Ga=6 [0) " L) dylk) = dp + al); ¢=4—@’-((T’)I
4

L(§)=6K*({) +4{'2K(0) — 1;

S 1/ 144\
Z(%’m’)_5<lﬁt4(0)|> e“K({)

K(C) = CUZ[Km(C)/Km(C) - 1]

K, 4({) and K,,(() are Bessel functions of imaginary argument; we have

M,(0)  M,(0) M2(0)  MYO)
¢ Ge"p{‘N [I%(O)l 29%(0) +8m4<0)13]

1 -
+5(0) amfw*ml}

To finish with the introduction, let us now touch on the question of the
separation of the RS potential y(r) from the total potential V{(r)=
Y(r)+ @(r). In the present paper we start with the Morse potential

V,,,(r) — e[e—Z(r—ru)/m — 2e—(r-rn)/a]

with parameters a, ¢, and r,.®® The potential V,, possesses two branches,
a positive one at r <ry—a In 2 and a negative one for the remaining r.

The negative branch will be described by CV. Instead of the positive
branch, we shall use an appropriate hard-sphere system and choose the
diameter of the spheres to provide a coincidence of the binary correlation
functions of the hard spheres with those of the system with the positive
branch only. So one can calculate the hard-sphere diameter ¢ in a way
similar to that developed by Weeks et al.'"

The equation of state will include a part which corresponds to the
hard-sphere system pressure, for which we adopt the Carnahan-Starling
equation@)

PV _ _l+n+n’—rp

NKT =T (I—pp (14)
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Table lll. Coefficients a,, a,, a;. a, of the Effective LGW
Hamiltonian and Coefficient 4, of the Hamiltonian with
Reduced a; term?

n a a as a a
0.04 —0.1959 0.9405 —0.4542 0.5870 0.7647
0.06 —04616 0.9974 —0.3160 04133 0.8766
0.08 —0.6355 1.0132 —0.2196 0.2756 0.9257
0.10 —0.7660 1.0113 —0.1350 0.1570 0.9532
0.12 —0.8681 1.0010 —0.0698 0.0796 0.9704
0.14 —0.9518 0.9902 —0.0271 0.0384 0.9807
0.16 —1.0237 0.9825 —0.0024 0.0183 0.9824
0.18 —1.0883 0.9784 0.0103 0.0087 0.9723
0.20 —1.1479 0.9770 0.0158 0.0038 0.9446

2¢=32A, B=0648 A"

Here z, is the compressibility factor of the RS, and # = (n/6)}(N/V) ¢*. The
diameter ¢ is a function dependent on both density and temperature. We
will neglect this dependence, taking for o its value at the critical point:
o= 0'(77,, T.).

Equation (14) can be utilized to calculate the chemical potential u, of
the RS. Thus, in our further investigation y, is taken to be known.

For the remaining branch of the interaction @(r) we have

0, r<r*

V(r), r>r* (15)

D(r)= {
Its Fourier transform &(k)

4”5(k)=f ®(r) e~ dr

e(ro—r‘)/u)
4 4 k20

* —L2y2 *
x[<2L+4 ka)sinkr*+<kr*+ Aer )coskr*]

= ea® 4n e —(n—ra
k

co A+ kA 4 + ko2
2 r* 11—k |
~ | (5 Ty sk

+<kr*+%> cos kr*]} (16)
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is plotted in Fig. lb. The point B of its intersection with the k axis
separates short- and long-wave density fluctnations.

A calculation of the coefficients of the function W,(p, @) of Eq. (12),
which contains in the exponent an expression of GLW Hamiltonian type,
can be performed without making use of the substitution (10). In such a
case it will contain all terms of odd and even order in p,. Values of the first
four coefficients a,—a, are presented in Table III.

For the partition function =, we obtain a functional with explicitly
defined coefficients.

3. CALCULATION OF THE PARTITION FUNCTION IN THE
VICINITY OF THE CRITICAL POINT

Thus, we have transformed the expression for the partition function to
the form (13) corresponding to the Ising model in an external field. This
allows us to use the method of calculating the partition function using
integration over the layers of the phase space (PS) developed in refs. 7-10.
Expression 13 contains N integrals over p,(pg, pi), 0<|k| < B. We will
perform a layerwise integration in the PS. Division of the PS into layers is
performed as follows.

In the interval [0, B] we choose points B, = B/s, B,=B,/s,.., B, =
B, _./s. Variables p,(pf,p;) for which the subscript k satisfies the
condition B, < |k| < B belong to the first layer. For the second layer one
has B, < |k|<B,, B,=B/5s% for the nth layer one has B, <|k|<B,_,,
B, =B/s", B, ,=B/s""

To factorize the integrals, we replace the Fourier transform of the
attraction potential (k) by its average value in each layer. Hence, instead
of (k) we will have a sequence of values:

&(k)—> &(B,,B), B <|k|<B
&(B,, B,), B,<[k|< B,
@(an‘gn—l), Bn<|k‘<Bn—l

Here &(B,, B) is the average value of ®(k) over the interval (B, B).
The method of averaging is not essential. For example, we take

Bpo1 By
qﬁ(B,,,B,,_,):I @(k)dk/jB dk

By
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or
[¢(Bn) + ¢(Bn— 1)]

¢(Bn’Bn—l)= 2

for the geometric and arithmetric averages, respectively.

Generally, the division parameter s> 1 can take arbitrary values, but
as a consequence of the approximations used in the calculations, the
highest precision of the results is achieved at some optimal value s =s* in
each case. For example, if the quartic density measure approximation is
applied, keeping in the exponent of (13) terms up to the fourth order of p,,
the optimal value is s* = 3.58, which provides the coefficient d{"(0) equal
to zero at the fixed point: d{"(0)=d% =0.

After the integration over variables p, of the first layer the number of
variables under the integral will decrease from N to N, = Ngs~3; and after
n layers we have N,=Npgs~?. The structure of the function under the
integral remains unchanged, but instead of initial coefficients a,, a, we
have in turn a{, a{V; a®, a'?;..; a{", a{;....

After n steps of integration one obtains

E=EOE$3”Z(97?2, M) 060y B

1
xjexp {#*Po—z Y dPk)pup s

k ki<B
G
—4!4]v" klEkA pk|”.pk45k|+---+k4} (dp)N'l (17)
kil < B,

where Q,--- 0, _, is the result of integration over the n first layers. We
have

0o=[01"[01";  Q,=[041%[Qp]™"
Q=" od@rdos  0,=[" fimadn

2774
@q(w)=exp { —2n*PMe? _(_42')_ Pf‘n)wtt}

— 1J(n) N
(1) =exp — Ay =
PY=0:' [ wfum dn

po=s {0zt [ won dn+ P}

822/80/1-2-27
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- Ne——
di"=a"+p % @d(B, .., B,)

N——— =]
ay* V=B (B0, B)+ (20 Q. | @9, () dw

o @ 2
a = (2m)* {_ Q(;ll ) w*e, (w) do+3 [Q;"l J_ @*¢ (@) da):l }

The values of d?, d**Y, a{", and a{"*" are linked by the recursion
relations

fif = s a0 )

a‘(‘n+ 1) =f2(d(2"), agn))

Their explicit form is presented in Appendix C and in Fig. 6.

It was shown in refs. 7, 8, and 23 that for 0 <k < B there exist two
main phase-space regions, in which the solutions of the recursion relations
(18) and (Cl1) possess fixed points of different types. These two regions
correspond to different fluctuation regimes. The first one holds in the
vicinity of the critical point and was named the critical regime. It describes
the short-wave fluctuations and corresponds to integration over variables
pi with B, < |k| < B. For a sequence of block Hamiltonians {d{", a{"} the
renormalization group symmetry holds and the fixed point is of saddle
type.

The second regime describes the long-wave density fluctuations and
holds for all p,, |k|<B, . In the case T>T,, that is, above the critical
temperature, it was called the limiting Gaussian regime (LGR) and at
T < T, the inverse Gaussian regime (IGR). The recursion relations at both
T>T, and T<T, possess an unstable node type of fixed point. The
measure density under the integral in (17) approaches a Gaussian one with
a nonanalytical dependence of dispersion on the temperature.

Fluctuations with k=0 should be considered separately, because p, is
a macroscopic variable and its average value is related to the order
parameter of the system.

More detailed consideration of all these processes will be given below.

The investigation of the asymptotic behavior of d’(0) and a{" at
n— co was performed in refs. 7 and 8. By the use of the transformation

r,=d{(0)s*
? (19)

u, = aiMs
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Egs. (C1) were reduced to the form

Fas1=5ra+q) N2) 5% 20)
Uy =5U, E(z")
where
\ C(") 1/2 U(C("))
N(z"™) = (z"') W

U2(C(")) + zc(n)U(C(n)) _2
)y _ 3 3

E(z")= U(2™) + 220 (z™) — 2
" _ 3(1-s577)
g=qa(0); 1=51=5s) _i—s)

Equations (20) have the fixed-point type partial solution r,=r*, u,=u*,
and relations (19) acquire the properties of a cyclic semigroup. The sub-
stitution (19) is equivalent to the scaling transformations k' = ks, p\, =p,/s
in Wilson’s theory.®

The pair of numbers (r,, u,) can be considered as coordinates of a
point in a parametric space. During the subsequent layer-by-layer integra-
tion we shall obtain a trajectory. The character of the trajectory depends
on temperature. For the “p*’ model there exists a unique temperature for
which the trajectory reduces to a point:

(s t,) = (r*, u*) n— oo; r*, u*>0

The (r*, u*) point is the fixed point of the above renormalization group
transformation.

In the vicinity of the critical point we can use linear approximations
in (20), transforming them to the form

r —r* r,—r*
( n+1 *>=R< n *) (21)
Upp1—U u,—u
where R is a linearized renormalization group transformation matrix.
Expressions for elements of the matrix R are given in Appendix D.

In ref. 7 a general solution of the linearized system (21) was found in
the form

R
=r*+ C,E1+ C, —%—E}
Fa=r*+C £y + 2R, 2

E,—R
— ¥ C 1 11
U, =u*+ I—Rlz

(22)
E7+C,E}
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Table IV. Values of Some Coefficients of the
Solution of the Recursion Relations
for s=3.58

E, E, F a RS, R}, g R,

8235 0377 06122 0.8894 3.837 1.174 0.6123 7.613

where E,, E, are the eigenvalues of the matrix R; E;>1, E, <1 (see
Table IV); C,, C, are functions depending on temperature, density, and
potential of the interaction:

N . R R, —E

=| —g.— B — - ok 12 1 2
C, [ a; ﬂV|¢(O)I r*+(a,—u )RH—E2:| E,—E,
N - E, —R R, —E

| — 8= |® w2 1 o =2
G, [ <a2 'BVl (0)] r) R, +a,—u E,—E,

The solutions (22) are valid in the vicinity of the critical point, including
at the critical point itself. At the critical point the solutions r,, u, at n— o0
tend to their fixed-point values:

lim r,=r%; lim u,=u*
This is possible [see (22)] only if C, =0 and so it coincides with the Wilson

definition. Thus, we obtain the definition of “the critical temperature line.”
One obtains its explicit form from the solution of the condition C\(T, ) =0:

(N/V) 18(0)]
k

B

Teln)=

9 2[1 =7+ RY,(#)'?/(R1, — E5)]
a,+ {a§+ [4a4R?2/12”2(R“ —E)][l1-7+ R?zﬁl/z/(Ru —Ez)]}
(23)

Expression (23) corresponds to a curve on the (7, #) plane and will be
used further for the calculation of the critical temperature. However, to
determine the critical point one more condition is necessary, which defines
another curve in the (7, ) plane. The point of their intersection determines
the critical point coordinates. Therefore, at 7= T, the trajectory (r,, u,,)
ends in the saddle-type fixed point (r*, u*).

At T#T, for n<n, the current point (r,, u,) stays in the vicinity of
the fixed point, approaching it at # — n.. The limiting number n, of the
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layer of the collective-variables phase space (CV PS) is a function of
reduced temperature t=(7—7T,)/T,. At n>n_ the current point (r,, u,)
moves away from (r*, u*). A characteristic feature here is the sign of the
coefficient d{”(k) at the quadratic term in p,. At T>T,, n<n, the
average value of d{’(k) over the interval 0 <k < B, is negative; however
at n>n, we have d$”(k) >0 moving away from the fixed point (see Fig. 6).

A similar situation obtains at T<T,. Here n, is determined as the
number of the layer for which d{*?(B,, ) = 0. According to (22), the equation
for n, is®

Int i7'?RC
n.=— +ln< 12 >(lnE)_1 (24
In E, (E,—Ry) Cyy ' )
where
Cll =(1 +F+ Roﬁ]/z)(Rll _Ez)‘ R0= R(l)z
E,—E, ’ R, —E,

As was shown in refs. 7 and 8, n, characterizes the correlation-length
critical exponent v:

B—B,=B—Bs "=B(1-|1]")

The parts of the trajectory corresponding to n<n, and n>n,_ are related
to different regimes of transformation of the coefficients 43" and af”
describing the transformation of the measure density in (17) during subse-
quent integration. Namely, at n <r, we have

o _[49°0)]

2
I'n
4 - =~

a{’ u,
and at n>n,, 2" — o0, n— o0,
At T T., where T, is defined by (23), we have z" —z*=

(r*)%/u* = const and, therefore, as follows from (24),
n,—

In this way, the trajectory infinitely approaches the fixed point.

At n < n,, the measure density in the configurational integral describes
the statistics of the system of correlated effective blocks and is essentially
non-Gaussian. We call the corresponding interval (B, , B) the critical
regime interval (CR). For n > n,, the coefficient d{"(k) is positive, and the
distribution by p, is close to Gaussian. The interval (0, B, ) is called the
limiting Gaussian regime interval (LGR). In the case T< T, after devia-
tion of the trajectory from the point (r*, u*) one has d{”(k) <0 for n>n_.
Interval (0, B, ) at T<T, is called the inverse Gaussian regime interval
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(IGR). For the Ising model the condition d{’(k)<0 indicates the
possibility for nonzero average momentum in the corresponding system of
effective spin blocks.

It will be shown further that in the considered problem such a condi-
tion at # =n, leads to a situation in which the coexistence of two values of
the particle density is possible in the system.

Performing in (17) the subsequent integrations over the layers of CV
PS, we obtain each time a factor Q, before the integral. @, is a partition
function of the nth CV PS layer. By summing up the logarithms of @, we
obtain the free energy of the system.

We consider the contribution connected with the integral over p, as a
separate term.

A new point in this problem as compared to the case of the Ising
model is the dependence of T, and all coefficients on the density and
chemical potential. The latter is equivalent to the insertion in the Ising
model of a constant external field.

4. EQUATION OF STATEAT T>T,

Let us examine first the case T>T,; the value of T, is determined
below. As was noted in the previous section, we distinguish in the CV space
three fluctuational regions, which give different contributions to the parti-
tion function. The last at 7> T, can be written in form

E= EOEGZ(Emza 9714)

My(0) M 0)MA0) M0
Xexp {‘N [ M0 T 2mz0) T8 I%(O)P]}

1 ~
X exp {ﬂ*iml‘EW(O” gR:lZ_ﬁ(FCR"'FLGR)'l'EO} (25)

where Fcy is the free energy of the critical regime and corresponds to
B, <k<B; Figr is the free energy of the limiting Gaussian regime,
0<k< B, ; and E, is a contribution connected with p,, which we separate
because this variable is a macroscopic one.

Let us return to formula (13). Integration over all p, in the critical
regime interval, B, < |k| < B, can be performed by the same method as in
the Ising model case, and therefore for Fy we will use a result from ref. 8,

Fer=—Ngk,T {—n,s-“r +(1—5—3) [ 1.043 — 0.828(r* + g)(u*) ~ "2

1 C E\™ EN!
—Z *| _ = (1= =1
2 Inu ] 0.828 <1 s3> <1 s3) +In s} (26)

(W)™
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The remaining integral over p,, 0 < |k| < B,, is of the form

1 .
IexP{/‘*Po_i Y dyk) pyp s

k, k] < By,
agn;) Z 5 }(d )N' (27)
—_ p - p p L
41 N"', ke ki ks VR4 oo 4+ ka
|ki| < Bw,

where n_.=n_+ 1.

The density measure in (27) has a nonanalytic dependence on tem-
perature. This nonanalyticity is a result of the integration in the interval
B, <k<B.

Because d{”(0)=0, the interval 0<k<B, will be considered
separately. Here

d$ (k) > 0

and the integrals over p,, |k|#0, in (27) can be calculated using the
Gaussian density measure:

exp {—% Y [d{9(k)+ 4] pkp-k}

k
0 < |k| < By,

where

an;
A=4N4 Z PxP >

(ny)

k
0 < |k| < B,

is defined in a self-consistent way:

c) 1
== X o (28)

0< |kl|{< By,
Let us represent A4 in the form
A=510) s~R
Then from (28) we obtain the following self-consistency equation:

R=3a,[1-(®)" arctg(®) 2]
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In (27) we integrate over all p, except p, and find the corresponding
contribution to the free energy:

Frar=NgkpTs_,,, {In|a(0)|+ 4" —n,Ins—+ R
+%3/2arctg(92) 1/2—%]11 71'} (29)
Here A' = As®™,
For the remaining integral over p, one has

a(n)
exp(Eo)=JeXP {ﬂ*po—Apé NN, po} dpo

s 172 /1*2 a(n)
~<Z> exp(4A><1 4'N o+ - > (30)

This result can also be obtained in another way. Let us determine the point
of the absolute maximum of the expression in the exponent of the integral
(30). This point satisfies the condition

(n7)
4
4N,

p*—24po—— p3=0 (31)

The solution of this equation is an important characteristic of the system.
Here 4> 0 and a{* > 0. Hence, the discriminant of Eq. (31)
Q= (V]3)* + (W/2)?
v=124N,, Ja?; w= —6u *N,.;/af{’?’

is always positive. Equation (31) has one real and two imaginary roots.
The real one is

P = (= W2+ Q') + (W2 = Q') (32)

At the surface u*=0 (W =0) the root (32) is equal to zero. In the
neighborhood of the surface u* =w =0 it is close to the value

*
L 33
ey (33)
For E, we obtain
Ey=Eo(ptY) = p*pl — A( (l))Z_L";)( (l))4~”_*2 (34)
o=Eo(py’)=u*py Po 4!N",' Po ~ a4

and again find the result (30).
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Therefore we obtain an explicit expression for the grand partition
function at T> T, [see (25), (26), (29), (34)].

Let us now calculate the chemical potential and, after substitution of
the result into (25), obtain the equation of state. We proceed from the
equation

odlnZ&
o =(N>=N (35)
From (25) we obtain
N2, + pMy=N (36)
or
py=4 (37)
where
M,(0) M3(0)
A=N'"7_R =N‘/23—<sm 0 +3—> 38
=N 1m0 O 3w 0)] (38

4 i1s an important quantity in the region of the critical behavior of the
system. In the present approach it depends only on density, because we use
a system of hard spheres as a reference system, and neglect all modes p,,
|k| > B. After substitution of the root p=p{" into (33), we obtain

p* 244 (39)

Because Q> 0, the chemical potential u4* is a continuous function of
4 in the whole region 7> T..
For the equation of state at 7> 7', we obtain

P-P,  _ M0 [ Ty(0) My(0)
ko ot in ZO, M) —N |fm4<0)|[1 2 [DT(0)]
M0 1 7
+ 5305 | ~3 Y O~ AFen + Fuce) + N[ 1a(0) + 2414
— PA?— RA* (40)
where
_1 R
Pz (0 424 R=E

P, is the pressure of the RS defined by Eq. (2).
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The terms For and F;gr determine the critical exponents and will be
considered below. The isotherms of pressure calculated with (40) are
plotted in Fig. 5.

5. THE CRITICAL POINT

Let us return to the equation (23) for the critical temperature. The
coefficients a,, a, on the right-hand side are certain functions of density.
However, as was proved by numerical calculations, the right-hand side of
(23) in a wide range of concentrations is weakly dependent on density, and
determines a surface almost parallel to the (u, #) plane in (u, #, T') space
(see Fig.3). To find the critical point coordinates, one needs two more
equations. The first one is the equation (23) for the critical temperature.
The second equation is determined by the condition u#* =0. Indeed, with
u* =0 the problem is reduced to the case of the Ising model in zero field
and describes the second-order phase transition. Therefore, the conditions
#*=0 and C, =0 from (22) determine the critical point coordinates. The
condition u* =0 leads to the relation

p*=NV2h—a, =0 (41)
or
_ 1 _ W0 N2
Blu #o)+2NZk:°t(k)— [42,(0)] +|(0)| (1 —4aN~7%) (42)

To find the critical density, one needs to calculate the chemical potential.
This was done in the previous section, where for u* we obtained

p*~244

It follows that at the critical point the following condition holds from
the above relation and previous considerations

4=0 (43)

The intersection of curves determined by (23) and {43) determines the
critical point coordinates (see Fig. 3).

As follows from (38), the condition 4 =0 coincides with the condition
9M4(0) =0. As the expressions for the cumulants 9,(0) are known, and we
have neglected their renormalization due to integration over the short-wave
fluctuations p, (|k| > B), the left-hand side of (38) depends only on density,
and for the critical density the calculation yields

7. =0.130443
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9
1.0 |
0.5 f b) n
0.0 :|..|.1;n|l.411111.. [EUSNUENSE RGN ENNEE|

0.1 0.12 0.13 0.14 0.15

Fig. 3. Determination of coordinates of the critical point. Curves (a) and (b) correspond to
Egs. (23) and (43), respectively.

Note that the same value for the critical density was obtained in ref. 31
with the help of a revised van der Waals equation for hard spheres.

A comparison of the hard-sphere diameter calculated from the
expression

r 3
Hep =ngPaCP

where the experimental value of density at the critical point (at
nep = 0.13044) was substituted instead of p.p, with the effective diameter
of a molecule o determined from the structure factor, namely, using the
position of its first peak, was performed in ref. 32. The author points out
that for the examined molecular liquids the relation

Ocp N Oy
holds.

So we have a value of the critical density that is true for all fluids for
which the structure and intersection at small distances can be described by
means of hard spheres.

Next, let us calculate the critical temperature of the system, employing
the expression (23).

Taking for Ar the same choice of the potential that used in calculating
the renormalization of cumulants by formula (6) of Section 1, we find from
(23) for the critical temperature

kyT.[e~1.31

Summarizing, let us note that the definition of the critical point
naturally emerges here from physical considerations. In particular, the
expression (23) for the critical temperature reflects the presence of a
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renormalization-group type symmetry at the critical point for a system of
effective blocks, which coincides in essence with the definition of critical
temperature in Wilson’s theory.

At the (T, ,) point the chemical potential u* is equal to zero, and all
terms of odd powers in p, in the exponent of the integrand in =, are
absent. They do not arise in the process of layer-by-layer integration as
well. Therefore, at the critical point we have a phase transition of the
second order.

If one takes into account the contribution of the short-wave density
fluctuations p,, |k|]> B, the set of equations (23), (43) becomes more
complicated, and the coordinates of the critical point will change, but we
do not suppose that this change will be significant.

6. THE FREE ENERGY AND EQUATION OF STATE AT T<T,

In the present paper we consider a narrow interval of temperatures
very close to 7,.. In the same way as in the 7> T, case, we start from
an integration over variables p, belonging to the layer of PS with
B, <|K|< B, where B, defines the boundary of the critical regime region.
The same recursion relations for ay”, a$” as in the T> T, case are valid.

As T# T,, the current point of the trajectory (r,, u,) will be close to
the fixed point (r*, u*) in the course of the finite number of layer-by-layer
integrations. The curve d (k) shifts during the process of integration, but
its upper end dy{’(B,) at the right boundary of the interval [0, B,],
B,=Bs~", moves downward faster than the lower one d{”(0) at the left
boundary moves upward (see Fig. 6). That is why after a certain number
of steps of integration »n=n(t) =n, we have

{d(;')(Bn,) =0
d0(k) <0, 0<k<B

ne

This is the definition of the point n,.
We call the interval (B, _, B] the critical regime interval at T<T..
Using (22), we obtain for n,
_Injz|  In{[|r*+[«(0)|1/C\}

"= ThE nE, (44)

Integration over p,, B, < |k| < B, yields the contribution exp( —fFcg)
to the thermodynamic potential. As in the case of the Ising model, the
integration over p,, 0<[k| < B, , is performed with the Gaussian density
measure, with the prior shift

pv=P+(Ng)'?d,0
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by o ensuring the convergence of Gaussian integrals with respect to p,.
The result of the integration is written below as exp{ — SFgg). Therefore,
after integration over all p, except p, we have for =,

B2, T) = Z(B, M) ex0l —(Fen+ Fion)] | expl E(po)] dp@5)

It is suitable to use in the calculations the expressions for Foi and
Figg from ref. 7:

Fer + Figr =Nk T[ (1 - |T|3v) @1+ (7l -1 |T|3V) 7B
+ % T (@3 + §4)] (46)

Here o, &,, ¢,, #;, @, are known functions'” which are weakly
dependent on density in the vicinity of the critical point.

The main contribution to the partition function at T'< T, is connected
with the last integral over the macroscopic variable p,=p,N'”2. Having
integrated over all p,, |k| #0, for the exponent in (45) we obtain”

E(po) = E(poN %)= N(u*N ~'?po + Bpi — 9p3) (47)

(we omit the prime on p,), where

B =By |7 3’#=1|r | 1_1&&(,\/) L)zv
R A |r* + |(0)]]

Fu=1*+C,E7—C,REY;  u, =u*+C,RE}+C,Ey

X —arctg x 7] 172 N &
200=3T2% op () gm0

x? 20, | s
61 vu"t Ins
= v. =|——]_] —: = 48
I=%1I1% % <|r*+|a(0)||> 4> "TheE, (48)

The function —kzTE(p,) is an analog of the Landau free energy. An
essential difference consists is that, first, we know the explicit expressions
for u*, #, ¢, and, second, the dependence of # and ¥ on 7 is nonanalytic,
namely, # ~ |7|%, ¥ ~ |t|*. At t = 0 both & and ¥ tend to zero, but & does
so faster, so that the integral over p, exists.

The integral

Eo= [ exp{E(po)} dpo (49)
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will be calculated by the steepest descent method. The equation for the
extremum

pe+ YV po+ W =0 (50)
should be solved, where
B u*
V=—— W=———
29’ 44N

Then the point of the absolute maximum of E(p,) is to be found. The
discriminant

Q=(=#/2)*+(¥/3)’ (51)

may be positive, equal to zero, or negative. One has to examine all three
cases.

Note that the nonanalytical dependence of # and ¢ on temperature is
a result of integration over the interval of the critical regime.

The surface Q=0 separates two thermodynamic regions in (u,#, T)
space: an external one, which is the region of single-phase states, where
Q >0, and an inner region (Q <0), which is the phase transition region.
The surface Q =0 represents the coexistence boundary.

Let us now write the equation for the chemical potential u. Suppose
that the point po=p{" is a point of the absolute maximum for E(p,). Then
E'(po=p)=0 and E"(py=p{"’)<0. Using the bridgewall method, we
obtain

. 2 12
E(u,n, T)=Z(M,, M,) exp[ — f(Fer + Fior) + E(p§)] <|ETZ(1))|>
0

Because N is a large number, from 0 In E/0u = N we again obtain
pV=4/N'? (52)

The quantity p{ is proportional to the order parameter. Therefore,
we will call 4 the order parameter, too.

Our aim is to find the relation between u* and 4. Let us first describe
the coexistence boundary. When Q =0, Eq. (50) has three real roots. Two
of them coincide

p e L a7 (53)
o 0 2\@N'~?
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The only root providing the absolute maximum of E(p,) is

S " 54
Po = gN2 (54)

E"(pt")= —6NZ <0
E"(p{P) = E"(p§") =0
E"(p{) = 4N(68%)"

Indeed,

From (52) and (54), we obtain for Q =0 (at the coexistence boundary)
u*=94° (55)
Along the curve determined by the condition
Q= (=#2)*+(¥[3)*=0
the following relation is valid:

p*=tm [o|P (56)

4 (B2
T3(6)'"2 <?>

Let us consider the case Q> 0. Equation (50) has one real root

Here

(1)_( 4”//2+Q1/2)1/3+( W/Z—Ql/2)1/3 (57)
and two complex roots.
A positive sign of the discriminant is provided by the condition
—%/2)2> —(¥/3)*. Then we can write for Q0
Q=|w/2|(1+b/2+ ---)

where b= (¥/3)3/(#/2)% |b| < 1.
The only real root p{", (57), is equal to

* 1/3 1/3
RO .. ﬂ) I
Po ~(4{eN'/2> {1+<4 Tt
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Together with Eq. (52) this yields an isotherm for the chemical poten-
tial #* in the Q > 0 region:

Bt NP CBYA B

The signs of u* and 4 coincide.

Equation (58) transforms into (S5) at || — 1 (which corresponds to
Q0-0).

Let us now consider the internal region Q <0. In this case Eq. (50) has

three real roots p{", p, p{>:

VN2
pg,1>=2<'3—l> cos%

v\ 2

p2 =2 <|3—|> cos 2“¥ (59)
¥ \” 4

P =2 <|3—I> €os (p-; i

where ¢ =arccos ¢, t =u*/[84(—v7/3)*?].

Near the coexistence boundary (Q=0) the value |cos¢| is close to
unity. Setting cost=—1+J for u*<0 and cosr=1—-4 for u*>0, one
can show that for negative u* it is necessary to take the root p§’ and for
positive u* the root p{.('%

Only these roots should be taken into account, as they provide
absolute maxima of E(p,). The other ones should be dropped.

Let us now evaluate the parameter 4,

M,(0) 9ﬁ2(0)
4=—N'" 2 [sm 0)+ 2=
0] | 2O F 3 03]

One can write near the critical point

a4
d=4, 4=

o (n~n)=I(n—n,) (60)

n=~"nc

The value n=gy, corresponds to 4=4,=0 and M;(0)=0. The
dependence of M5(0) on density is given in Table II. M,(0) is a decreasing
function of #. Then

_amO) W)

F:
M loy0y=0 JMal0) lamy0y =0
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Q>0 M * o0

pm Q < 0 Q> 0

Fig. 4. Schematic dependence of the chemical potential u* on 4.

Thus, the isotherm of u* can be expressed as a function of y —#, or
4. The dependence of u* on 4 is plotted schematically in Fig. 4.
For the equation of state we have (see Fig. 5)

P—P,

T =In EQ +1n Z(M,, M,) — B(Fcr + Figr) +1n E, (61)
B

Here exp(Eo)=jexp[E(p0)] dp, is calculated by the bridgewall method,
taking into account the above analysis of the absolute extremum of the
function E(p,).

20> 0.36
o(0) 9 1/2
2 - A<
0.34 | 1" 2
032
w
0.30 Brreiiniionn i )
0.129 01300 01305  0.1310

Fig. 5. Equation of state in the vicinity of the critical point. (1,2) ©=20.005, 0.001; (1’,2')
t=0.005, —0.001; (3) t=0 (the critical isotherm). The vertical line marks the critical density
7n=0.13044.

822/80/1-2-28
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a4, (k)

k!

Fig. 6. Evolution of the coefficient d{’(k) in the course of layer-by-layer integration.
(a) T>T,.. (b) T<T.. [See Eq. (18); Section 6 (p.430); and Appendix C.]

In the present paper we have considered the foundations of the liquid—
gas phase transition theory. For a more complete description of processes
in the vicinity of the critical point it is necessary to perform calculations of
thermodynamic functions. These will be performed elsewhere.

In addition, all calculations in this paper were in the quartic basic den-
sity measure. That is why at the critical point, where 4 =0, the critical
exponents are the same as for the Ising model. The law of rectilinear
diameters p.=1(p, + p) will also hold. To describe the effects connected
with asymmetry of the boundary, one should compute the partition func-
tion using the sixfold density measure. However, the general approach to
the computation will be the same as that in the present paper.

APPENDIX A. CONTRIBUTION OF THE SHORT-WAVE
FLUCTUATIONS IN THE GRAND PARTITION
FUNCTION

Consider the integration over the “short-wave” variables w,, p,,
k| > B. We have to calculate
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1 2r)?
EG=J.exp{—E Y a(k)pkp_k—(zi!)

k, |ki> B

Z M,(k) wkw—k}

k, |k|> B

1
x(l+D2+§D§+--->exp(i27z Y wkpk> 1 dw,dp,

k. k| > B8 k, |k|>8
(A1)

where

(—=i2n)™

D,=3% por Y M (ks k) Wy, Wy (A2)
mz3 :

Koo K

The transformation

Dz—)ﬁ2= Z i (_I)MI(_izn)m_m‘

mz3 m=1

m' z mm(kla"-: km)

am

" A3
By Oy it e (A

and integration over w,, p, in (Al) gives for =, (with the accuracy up to
the fourth virial coefficient)

NN

-1
7.)_.[ [eg(rlz) —1— g(rlz)

—_
=)

o~ TI [1+a<k>sﬁtz<k)]—“2exp{

k, |k|> B

NN-1)}(N-2
] Fy(ry2) dr,2+L3!z£—2—)J {[eg(m)— 1—g(r1y)]

_gz("lz)
2

x [e503) — 1 — g(ry)1[e8™) — 1 — g(r3;)] +3g(r12)
x[es®) —1— g(rza][eg(m)— 1— g("sl)]} Fy(ryz,ry3) dryp dryy

N(N—1)(N—=2)(N—3)
+ 413

{28("12) g(r34)[eg(r4|) —1—g(ry)]

x [e302) — 1 — g(r;;)] +4g(r12)[ 57 — 1 — g(ry)]
[0~ 1 = glra) L=~ 1~ glra)] + [5 1~ g(ry)]
x [e8P) —1— g(ry)1[e*" —1— g(rse) 1[5 — 1 — g(rq1)1}

X Fy(r12, 713, Fa) Xdryp drysdr, + } (A4)
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Hence g(r) is the screened potential

1 .
gry=gln—r=3 3 glk)e ="
k, |ki> B
_ a(k)
80) =T et I

In the whole interval |k| > B the following condition holds:
1+ a(k) My(k)>0

The cumulant IM,(k) is the RS structure factor:
N .
My(k) =147 [ [Fo(r)— 1] e " dr

F,(r) is the RS pair distribution function.

Expression (A4) can be calculated with the appropriate approximation
for the distribution functions (for example, with the known Kirkwood
approximation).

APPENDIX B. THE REFERENCE SYSTEM STRUCTURE
FUNCTIONS WITH REDUCED DEPENDENCE
ON WAVE VECTOR

In this appendix we calculate the coefficients M, (k,,..., k,) of the grand
partition function (4).

The cumulants M, (k,,.., k,) have been expressed in terms of the RS
correlation functions; for example,

My(ky, ky) =0(ky +ky)[ 1 +py(ky)]
My(ky, by, ke3) =0(ky + ko + k) [ 1+ 3uy(ky) + ps(ks, k3) ]
My(ky, ko, ks, ka) =0k +ky+ k3 +Kg)[1+4us(ky) 4 3u,(ky + k,)
+6us(ka, ks +ky) +ua(ky, ks, ky)]

where u,(k,,..., k,) is the Fourier transform of the n-particle RS correlation
function:

N .
ualk) =, [ [Fir)—1] e~ dr

N2 . )
#3(k2a k3) =W J. e_’kZ"lz—'lkgrU

X [F3(riz, r13) = 3F,(r\3) + 2] dr, dr
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3

#4(k2’ k3, k4) =—VTJ e—ﬂ(znz—ikam—ikam
X [Fy(r12, 13, F14) —4F5(r12, 113)
—3F,(r1y) Fy(ri3) + 12Fy(ry;) — 6] dryy dr 3 dry,
where

Fs(rlz’"'a rls) — S exp( —,Bll’) drl.x+1 U drlN
ve-! § exp(—pBy) (dr)¥

is the s-particle RS distribution function.

To calculate the cumulants IMM,(k,,..,k,) in the case when some
arguments are equal to zero, we use a sequence of equations for the
correlation functions:

0 [u(l, 2,...,s)] =Ju(l,2,...,s+ 1)

a 5 Zs+l

d(s+1) (B1)

z

where z is the fugacity;, u(l, 2,..,s)=p"u(l,2,...,s), with p=N/V; and
u(1,2,.., ) are correlation functions, connected to their long-wave values
4,(0) by the relation

£ (0)=p—t jﬂ(l, 2,.,5)d2d3. - ds

Together with (B1), it is necessary to use the thermodynamic relations

dlnp op\ _ _
<6 In Z>T—kBT<ap>T—PkBTXT—ﬂnz(o)

Applying Fourier transformation to both sides of (Bl), we obtain a
sequence of equations for the Fourier transforms of correlation functions:

a 5
&%#s(klvkb'"’ k:—lyks= _kl_kz_ _ks—l)
ps+l
=Zs+' Usyilkikopkg_y, —ky—ky— - —k,_,0)  (B2)

Setting s =1 in (B2), we obtain the well-known relation for the structure
factor and compressibility:

0
T(0) = 1 + puz(0) =kBT<£)T
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In the general case, we obtain for the Fourier transform of the n-particle
correlation function from (B2)

,u"(kl,kz,..., kn<2, -kl—kz— L —k"_z, 0)
=py (ki kags ky_yy —ky—ky— - =k, _3)[My(0) —n+1]
d
+nm2(0)a#n—l(klak2r") kn—Z: —kl-kZ_ _kn—z)

In this way, we obtain for ,(k, —k, 0) and M,(k, —k, 0, 0)

0 -k
N Dl ~k, 0) = (0) | Dtk —k) +7 22|
g.n —
Nk, —k, 0, 0) = D5(0) [‘D?z(k, — k) T,(0) + 3y M(0) a—%
dM,(0) 2 OM,(0) OM,(k, —k)
M, k, —k
+729,(0) T(zﬂ—)]

An analogous result for M,(k, —k, 0) was obtained in ref. 33. Therefore, to
calculate M;(k, —k, 0) and M,(k, —k, 0,0) one needs to have only the
hard-sphere structure factor 9,(k).

The cumulants M, (k... k,,) for k;— 0 also can be expressed in terms
of the fluctuations of the number of particles:

M(0) = (N =(ND)H/(NY; My(0,0,0) = (N—CNY)*H/KND
M(0,0,0,0)=[(N=CNY)*> =3{N—=KNYH2IKNY

One can find the last values from the thermodynamics, using the
relation between the long-range limit of the structure factor and the
compressibility.

APPENDIX C. AN EXPLICIT FORM OF THE RECURSION
RELATIONS (18)

Analysis of the relations (18) allows us to describe the critical behavior
of the system, that is, to calculate critical exponents and obtain explicit
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expressions for thermodynamic functions. It is suitable to write down the
recursion relations (18) in the explicit form

(n+1) N 3\" )
d; (k)=—ﬂ[<15(B,.,B..+1) D(k)] + P u™)

9 2 (C1)
a‘(‘n+l)_P(")[U2(C(n))+ C(")U(C(")) 5]
4
where
3 1/2 U(l C(n))
(n) _ Pw- (n)y_~+>> 7
(7p) 7 =g
with

2
(n) —2g 21, —¢Mx? — x472
U, ") = )¢ fo x%e dx

the parabolic cylinder function, and

3 172
P = (a(n)> U(z");

4

9 2 2
n) __ n Z ,(n) (nhy _ =
Pg)—E[UZ(Z( ))+3Z U(Z ) 3:|

3 172
z‘"’=<m) d$(B,B, 1 );
4

o U, z™)
Y =50, 2m)

N
d(zn)(Brn n+l) _a(zn)+T/ﬂds(Bm Bn+1)

U(l, z™) = x2g == =2 gy

2 —zm2sg J.
I(l+1/2) 0

The feature of Egs. (C1) is that one performs the transition from 4y, a${”
to d"+ 1, a"* 1 in two steps, using values P, P{” which characterize the
density of the distribution by the effective field ¢,.
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APPENDIX D. ELEMENTS OF THE LINEARIZED
RENORMALIZATION GROUP
TRANSFORMATION MATRIX

The main difference as compared with refs. 15, 16, and 29 consists in
that we have explicit expressions for the matrix elements,(”

a * . aN Z"=
R..=<ré+:l> =SZ[N(Z‘ ))+(Z*)l/2a(z£)]/l]

R Orys \* _ s°z* ON(z*) RY,
P\ ar, ) (BuH)' ez (ur)'”2

n

_(Ouns i \*_ Bu)' P ON(Z*) s po
Rz“( ar, > T e W R
_(Ouaar\* _ () <£>1/2 8E(z*)]
R22—< al«l" > _S[E(“ ) 2 a(z*)l/z

where r*, u* are the fixed-point coordinates:

S [N(z*)—1] _

r¥*= —|a(0)] 7; F= $2N(z%) —1
. ) ) 3(1=s72)*
el O & =
N 1 N %\ 1/2 U %
ac(0)=7kB—T D(0); N(Z*)=<§_*> Ug*;

E(z*)=

U(*) + 30 U(L*) — 2
U(z*)+ 2z*U(z*) -2

{* and z* are the fixed-point values of the parameters (" and z™.
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